Abstract-In this paper, we propose a method for suppressing radio frequency interference (RFI) in discrete multitone (DMT) based very high bit rate digital subscriber line (VDSL) systems. The method operates in the frequency domain of a DMT system. First, we derive a model of how an unknown narrow-band RF signal is mapped onto the DMT carriers. Then, by measuring the RFI on a few unused DMT carriers we are able to subtract RFI estimates from every modulated subcarrier. Simulation results show that this method, applied to an RFI signal with the same average power as the VDSL signal, suppresses the RFI with 40-50 dB, which reduces the average SNR loss from about 20 to less than 0.3 dB.
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I. INTRODUCTION
R ADIO frequency (RF) signals transmitted in the vicinity of an unshielded twisted pair wire may cause radio frequency interference (RFI) with signals in the wire [1] . In this paper we address the problem of RFI in discrete multitone (DMT) [2] based very high bit rate digital subscriber line (VDSL) [3] , [4] systems. We describe a method for suppressing the RFI signal in the frequency domain.
VDSL is the latest DSL technology standardized by the European Telecommunications Standards Institute (ETSI), the American National Standards Institute (ANSI), and the International Telecommunication Union (ITU-T). VDSL supports transmission rates of up to 52 Mb/s on unshielded twisted pair wires. To achieve these high bit rates, VDSL must use a large frequency band ranging from around 300 kHz up to 15 MHz. In this range, VDSL will share some frequency bands, known as HAM bands, with radio amateurs.
Since the twisted pair wires are not shielded, two types of related problems will appear: RFI ingress and egress; i.e., the reception and radiation of radio signals into and out from the wire, respectively. In this paper, we consider the problem of RF ingress into VDSL systems. When a radio amateur transmits within a HAM band overlapping the VDSL spectrum, it will interfere with all DMT tones including those outside the HAM band (due to sidelobe leakage). Hence, to avoid a large performance degradation it is desirable to suppress the RFI as much as possible.
Earlier suggestions for suppressing the RFI include the use of an analog precanceller using common-mode (CM) to differential-mode (DM) conversion [5] , adaptive mixed-signal narrowband interference cancellation [6] , and pulse shaping of the data symbols [7] . The latter we will refer to as windowing. By themselves these methods suppress the RFI to a certain extent but often not enough.
Other methods to achieve robustness against narrow-band interference include adaptive notch filtering [8] and using alternative filter banks [9] to the standard discrete Fourier transform (DFT), which is used for DMT-VDSL. However, steep notch filters that effectively suppress RFI also increase the length of the total channel impulse response, which may lead to intersymbol-and intercarrier interference in a DMT receiver. Alternative filter banks to the DFT can be designed to have less sidelobe leakage and better immunity against RFI, with a small penalty of nonperfect reconstruction, but they do not comply with the existing DFT-based DMT-VDSL standards.
By expanding an idea, introduced in [10] , we develop an RFI cancelling method for DMT-VDSL which is capable of suppressing general (unknown) narrow-band RF signals. The number of parameters to be used, determining the complexity of the method, is a designer's choice. It depends on the bandwidth of the disturber and on if any windowing is used in the receiver. Following two system proposals, we will focus here on the case with windowing, resulting in a recommendation to use only two parameters [11] (see also, [12] ), and [13] .
Our method operates in the signal's frequency domain after the analog-to-digital converter (ADC) and after the DFT processor. When we analyze the RFI at each DMT tone, we consider a transfer function which maps the RF disturbance to the tones. Based on RFI measurements on a few unused tones, we extrapolate the RFI that is present on all modulated DMT tones. We safely assume that unused tones are always available as they have to be silent because of the egress problem.
RFI cancellation can be done with great accuracy as the RFI is very narrow-band. Simulation results show that our method TABLE I  FIVE INTERNATIONAL AMATEUR RADIO BANDS OVERLAPPING  VDSL SPECTRUM can suppress an RFI signal, with the same average power as the VDSL signal, from an average signal-to-noise ratio (SNR) loss of 20 down to less than 0.3 dB.
II. RFI
An unshielded twisted pair wire works as a CM antenna that both generates and receives radio signals in the VDSL systems' frequency range (from approximately 300 kHz up to 15 MHz). VDSL signals are transmitted and received as DM signals, but unbalance in the wire will cause CM/DM conversion [1] , resulting in both RF ingress and RF egress.
The main source of RFI is believed to be amateur radio transmitters. This is because they can be located just a few meters from an unshielded wire [1] and the transmitting power is expected to be high-up to 400 W in the U.K. and 1.5 kW in USA. Radio amateurs are allowed to operate at certain frequencies, called the HAM bands, which are listed in Table I [14] . According to VDSL standardization, the systems are required to handle amateur radio signals with up to 4-kHz bandwidth.
III. SUPPRESSION OF RF INGRESS
Since the signal power of the RFI may be high, it may cause signal clipping in the ADC. To avoid this, an analog RFI canceller first has to suppress the RFI to the level of the desired signal [6] . However, the interference after the analog RFI canceller and the ADC can be severe and it is thus important to combat the RFI also in the digital domain. Fig. 1 shows a DMT system with an analog precanceller and a frequency-domain RFI canceller.
DMT tones in the HAM bands must be silent to avoid RF egress [5] . Our method measures the RF-disturbance on a few of the silent (unused) DMT tones in each HAM band and then subtracts estimates of any disturbance from the data-carrying tones. This idea was introduced in [10] for a sinusoid RF signal with known frequency. We now expand on this idea in two directions and develop a method for any narrow-band RF-disturbance with a roughly known centre frequency, which we also give strategies on how to estimate.
In this section, we develop a signal model of a received RF signal. The model describes how the RF signal interferes with each DMT tone in a DMT system. We parameterize the disturbance and estimate the unknown parameters using measurements from unused tones. Then, we calculate and finally subtract estimates of the disturbance from the data, see Fig. 2 .
A. Signal Model
In this subsection, we derive the properties of the RFI in the DFT domain. This will be used in the subsequent derivation of the RFI canceller. Starting with the received signal expressed as (1) where is the received baseband DMT signal, is an unknown narrow-band RF signal, and represents other noise sources such as far-end crosstalk (FEXT) and additive white Gaussian noise (AWGN). In Appendix B we give a specific narrow-band model of , that can represent any type of analog modulation, amplitude modulation, double sideband modulation, single sideband modulation (SSB), etc.
The RFI canceller works in the frequency domain, after the DFT. It is here that the importance of the windowing in the receiver is seen. (A sketch of how the windowing is performed is given in Appendix A.) Sampling and DFT-demodulation of the received signal from (1) yields
where is the window used in the receiver, is the received VDSL baseband signal after the DFT, are the narrow-band RF signal's DFT coefficients, is the DFT of the noise and is the sampling frequency. If the DMT signal is cyclically extended with samples, the windowing will not destroy the subcarrier orthogonality of the DMT signal, i.e., the perfect reconstruction property of the DFT is preserved also when receiver windowing is performed. For this type of windowing operation we have in mind, a symmetrical window is therefore necessary [7] , as described in Appendix A.
To cancel the interference , we want to subtract an estimate, , from (3)
In order to derive the estimates we first set up the following relation between and the Fourier transform of the disturbance :
where we interpret as a transfer function (Dirichlet kernel [15] ) from the unknown RF signal's Fourier transform to its DFT coefficients . We parameterize in Appendix B by means of a Taylor expansion. This leads to the following linear model of the RFI: (8) where is an estimate of the center frequency, is the th derivative of at , and are unknown parameters modeling the RFI. This can be written in a matrix notation as (9) where is derived from (10) as shown at the bottom of the page, and is the vector containing unknown RFI parameters (11) The conjugated parameters in (11) , which corresponds to contributions from negative frequencies, gives almost no contribution to when windowing is used as in Appendix A and Section VI. Then, the sizes of the vector and the matrix can be reduced
with a negligible performance loss. This will be applied in Section VI.
B. Disturbance Estimation and Cancellation
In the matrix formulation, our model for the received signal on unused (silent) tones becomes (14) where denotes the index set for the tones on which we measure the RF disturbance. Assuming that the noise is independent and identically Gaussian distributed, we obtain an maximum likelihood estimate, , of the parameters when windowing is used [16] ( 15) where is the pseudoinverse of . We have then assumed that has full column rank. If windowing is not used (i.e., also the negative frequencies will contribute), we need to rewrite , and slightly to separate the real and imaginary parts before the pseudoinverse is calculated since the coefficient vector contains both the parameters and the complex conjugates . Now, let the index set indicate the modulated DMT tones. By using
, we obtain the estimates of the disturbance as (16) Finally, we use these estimates to reduce the effect of the disturber by subtracting them from the data (17) IV. FREQUENCY INVARIANCE Frequency invariance is an interesting complexity reducing property that follows from the construction of the canceller and due to the properties of the DFT. It means that the same precalculated estimator coefficients, given by the matrix in (16), can be used by the canceller practically independent of the RFI signal's frequency location 1 . As a consequence, no recomputation (or initialization) of the canceller is needed if a frequency shift of the RFI signal occurs, e.g., if a radio amateur suddenly change its transmission frequency to a different HAM band.
This property is also valuable for cancelling several frequency separated RFIs; they can all be cancelled using the same estimator coefficients. The theoretical and practical requirements for the frequency invariance property are similar to [17] and explored for this canceller in detail below.
The set of theoretical conditions required for maintaining the same estimator coefficients for the RFI canceller are 1) The RFI signal's frequency shift is an integer number of subcarriers , , where and represent the new-and previous RFI center frequencies, respectively.
Remark: In practice, with a robust canceller design noninteger frequency shifts can also be handled. The robust- 1 The only exceptions are if the RFI signal would be located either very close to the dc level or the Nyquist frequency, i.e., the lowest or highest subcarriers.
ness of the canceller is related to the number of model parameters selected which is a designers choice. 2) Sufficient nonrectangular receiver windowing is applied so that RFI spectral leakage from the negative frequency component of the RFI can be neglected. That is, in (12) is used.
Remark: If no windowing is used, some complexity savings can still be achieved, see below.
3) The measurement tones are circular shifted accordingly to around the new frequency position, . That is, , where and are the new and old sets of measurement tone indexes, respectively, and represents the modulo operator. When a frequency shift of the RFI occurs, the Dirichlet kernel function (26) can be expressed as
Hence, when (that is, with windowing applied) the matrix after the frequency shift is similar to before the shift, just with its rows circularly shifted (20) With a replacement of the measurement tones according to requirement 3 above and thus also remain the same. The end result is then only that the final estimator coefficients just becomes circularly shifted in the rows (21) Alternatively, one can use the old estimator coefficients and instead circularly shift the estimated vector before it is cancelled from the tones (22) If no windowing is applied, however, some parameters that models spectral leakage from the negative frequency peak should be included in the canceller. In this case, the matrix's (10) first columns (and therefore also ) need to be circularly shifted in the rows as described above and the last columns need to be circularly shifted in the rows but in the opposite direction with the same amount, . Again, this means that all its elements can be reused but has new elements from the doubly shifted which requires new computations of and the matrix product .
V. COMPLEXITY
The complexity of the algorithm is best evaluated in two parts; offline initialization and running cancellation during online operation. Below we make a sketch of the number of multiplications that are required for each part.
A re-initialization is usually required when the characteristics of the RFI signal drastically changes, i.e., when the design parameters must be changed. An example is that for a cancellation of AM radio RFI with a up to 10-kHz bandwidth instead of HAM radio with up to 4-kHz bandwidth, more model parameters should be included into the canceller to be able to suppress the wider AM radio signal bandwidth.
However, note that due to the frequency invariance of the canceller a RFI frequency change, e.g., to a different HAM band, the canceller needs not be updated. But, when two or more RFIs are located quite closely and spectral leakage occurs from one peak to another a re-initialization needs to be done using a resembling RFI signal model. The need of re-initialization in this case depends also on the amount of windowing used which suppresses the leakage between different RFI peaks.
Note, however, that in the case of several RFIs it is most likely that they are somewhat separated in frequency. Two or more very close RFIs are unlikely simply because they would then interfere with each other. In practise, a set of estimator coefficients representing the most likely scenarios, e.g., AM and HAM radio, can be precalculated off-line and stored in each modem-ready to be swapped during on-line operation.
A. Initial Complexity
The initial complexity consists of computing the matrices and in (16) for a new scenario prior the running, frame-by-frame, cancellation. and can be obtained from the full matrix (10) which requires DFTs each of length , thus multiplications. Note, however, to increase the supported cancellation bandwidth, e.g., by increasing by one, only one extra -DFT need to be computed for the full matrix.
The calculation of the pseudo-inverse, , requires multiplications. In total, the initialization is of multiplications, which is typically dominated by the first term. In the performance evaluation below, , , or 2048.
B. Runtime Complexity
Once the estimator coefficients are derived, the runtime complexity consists mainly of the multiplication in (16 
VI. PERFORMANCE EVALUATION
We illustrate our digital RFI cancellation method on two example systems: one with 256 DMT tones and one with 2048 tones. The environment is fixed to a 1000-m long TP1 cable [18] where the noise consists of 49 self-FEXT disturbers plus AWGN with a spectral density of 140 dBm/Hz. The sampling frequency is 22 MHz. Table II summarizes the simulation parameters. We let the RFI signal have the same average power as the desired signal after demodulation. The RFI signal has a SSB-SC modulation where the baseband envelope ( in (24)) is constructed by filtering complex white noise through a third order Butterworth filter, with parameters selected to match the specific RFI bandwidth under study. Hence, the power-spectral density (PSD) of the RFI is where is a third order Butterworth spectrum. We measure the performance in terms of RFI suppression and average SNR-loss due to the remaining RFI disturbance. The SNR-loss is averaged over all DMT tones that are used for transmission. Without the RFI disturbance, the average SNR is 24 dB in these scenarios.
Throughout the evaluation, we use two parameters to model the RFI and also two measurement tones. Two parameters is a good tradeoff since one parameter does not give satisfactory performance and the improvement by adding a third parameter (and the corresponding complexity) is small. The reason for this is related to the time-bandwidth product of the RFI signal and the inter tone spacing of the DMT-VDSL system, see [17] . Furthermore, since we allow a narrow residual RFI peak between the measurement tones, and windowing is used, fewer model parameters are needed than the actual time-bandwidth product specifies which motivates why only two parameters suffice.
In practice, it may be sound to measure on more tones than the number model parameters used to increase the method's robustness against noise. In our simulations, however, using more tones does not give any large improvement. Which tones to measure on is dependent on the total number of DMT tones in the system, the width of the HAM band and the number of tones to be used. The choice of measurement tones should be done with care since it has an impact on performance, as we will see later on.
We examine the cases with and without windowing in the system. When windowing is performed, we use extra samples in the cyclic extension as described in Appendix B, and when we use extra samples for windowing. In all simulations the center frequency of the RF signal is located just at the edge of the second HAM band, 3.79 MHz, (adjusted a few kilohertz to put it exactly between two DMT tones where it makes the most damage to a DMT system). However, the RFI cancellation method works just as well in all HAM bands. As a starting example, we examine the PSD of the RFI before and after windowing and RFI cancellation, for a typical case. The RF signal has 5-kHz bandwidth and the center frequency is assumed to be known. Figs. 3 and 4 show the corresponding PSDs 2 for this case. We can see that the windowing alone suppresses the RFI on many tones, implying that fewer tones need RFI cancellation, but those closest to the center frequency still get a considerable amount of RFI. We also find that with cancellation the RFI is almostcompletelyremoved.ThegapsintheRFIcancelledcurves, which are present in all PSD figures throughout the paper, represent the locations of the measurement tones and cannot be used for data transmission. Only a few tones located near the RFIs center frequency,betweenthemeasurementtoneswithintheHAMband, have strong residual RFI.
Because of the RFI suppression by the window, the interference contribution from negative frequencies can be neglected in the RFI cancellation, allowing the reduced (12) and (13) to be used. Since windowing also reduces the number of tones that need RFI cancellation, the complexity of the RFI canceller is reduced. Another advantage is that if, in an unlikely situation, there would be more than one RFI signal (in different HAM bands) then they can be cancelled independently. Windowing gives better performance for systems with more DMT tones (measured in the number of samples), because a larger window can be used with the same efficiency loss.
A. Analytical Comparisons to Monte Carlo Simulations
The performance evaluation herein is based on Monte Carlo simulations in which we simulate narrow-band RFI cancellation. We construct the baseband parts of the simulated RFI signals ( in (24)) using a third order Butterworth filter, with parameters selected to match the specific RFI bandwidth under study. However, it is possible to validate the results from simulations by performing an analytic (fully theoretic) comparison using the methods described in [17] . For this comparison, it is necessary to select some appropriate PSD that analytically models the simulated RFI spectrum well, in order to get a good agreement between analytical and simulated results. Fig. 5 shows, for 256 DMT tones, the result of cancelling a 5-kHz wide RFI using MC simulations and the corresponding analytical PSD resulting from cancelling an RFI signal with a Gaussian PSD shape. The 5-kHz cutoff frequency in the analytical Gaussian PSD model was set at 4 dB to closely match the simulated results. Fig. 6 shows corresponding simulated and analytical results for 2048 tones. In order to emphasize the differences between analytical and simulated results in these comparisons, no receiver windowing was applied before the cancellation. Clearly, using receiver windowing does not change this good agreement.
B. Increasing Bandwidth of the RFI
In this simulation, we assume that the center frequency of the RFI signal is known, i.e.,
, and we let the bandwidth of the RF signal increase from 0 to 20 kHz 3.79 MHz . Normally the bandwidth of an amateur radio signal is in the order of 3 kHz. We are using two parameters to model the RFI and also two measurement tones. For we use the two tones with indexes {#87,#90} which are one tone away from the tones with the most RFI {#88,#89}. When we use the measurement tones {#697,#714}, which are eight tones away from the tones with the most RFI {#705,#706}. Fig. 7 shows the average SNR loss after the RFI cancellation and windowing. The method performs very well for both 256 and 2048 DMT tones, both with and without the use of a window in the receiver, although windowing prior to cancellation yields a little bit better performance. If the bandwidth of the RFI is smaller than 10 kHz the average SNR loss is reduced to less than 0.3 dB with the RFI canceller in all cases.
Figs. 8 and 9 show the PSD of the RFI before and after RFI cancellation. The gaps in the plots indicate where the measurement tones are located. The RFI level on the left hand side of Figs. 8 and 9 , where the RFI is strong, is inside the HAM band. Considering RF signals with at most 5-kHz bandwidth, we find that just a few tones away from the center of the RFI the RFI suppression is 40-50 dB and the residual RFI is below the AWGN noise floor at 140 dBm/Hz. For 256 DMT tones the noise floor is reached within only two tones, for 2048 DMT tones the noise floor is reached after about 16 tones. Thus, the relative number of tones that is affected by residual RFI is approximately the same in both cases.
C. Impact of Frequency Estimation Errors
When deriving the RFI canceller, the center frequency of the RFI must be known. However, in practice, we never know the center frequency exactly, it has to be estimated in some way. In this subsection we look at how the performance of the RFI canceller depends on the accuracy of the center frequency estimates. We fix the bandwidth of the RF signal to 5 kHz and let the error in the center-frequency estimate, , vary between 0 and 20 kHz. The same measurement tones as in the previous simulation are used. Fig. 10 shows performance in terms of average SNR-loss, and Figs. 11 and 12 show the RFI in the DFT-domain.
For frequency errors up to 5 kHz, the canceller suppresses the RFI about 35-40 dB (except for a few tones near the center of the RFI), so only a coarse estimate of the center frequency is required. By searching for the tone with the most RFI, we get an estimate of the center frequency with at least half the tone-spacing accuracy. When 2048 tones are used, the tone-spacing is 5.4 kHz. Thus the error in the center-frequency estimate becomes at most 2.7 kHz. When fewer tones are used some other method must be used for frequency estimation. A simple and robust method is derived in [11] (see also [12] ) and works as follows. Let the interferer be located at frequency where is the offset from a DMT tone at frequency . The tone-index can easily be found by searching for the two tones that has most RFI. Then the offset can be well approximated with (23) where is the received signal on tone . Fig. 13 shows the performance of this estimator for a simulation of 200 DMT frames with 256 tones. In this case, the estimation error was always smaller than 150 Hz, which is very small considering that we can tolerate errors up to several kilohertz.
D. Placement of Measurement Tones
So far, we have used the same set of measurement tones when estimating the RFI parameters. In this last simulation we examine how the choice of measurement tones affects the performance of the canceller, still using only two model parameters and two measurement tones on each side of the center fre- quency of the RFI. Once again, the RFI is fixed at 3.79 MHz with a 5-kHz bandwidth and the center frequency is assumed to be known. Fig. 14 shows the performance in terms of average SNR-loss. Using the two tones with the most RFI corresponds to 0 on the -axis in the figure. Figs. 15 and 16 show the remaining RFI in the DFT domain.
As the figures show, one should avoid to use the tones closest to the RFI as measurement tones, especially when many subcarriers are used. For 256 tones the best performance is achieved when the measurement tones are the two next to the two tones with most RFI (distance subcarriers from the RFI center). When 2048 tones is used the measurement tones should be placed 8-14 tones away from the center of the RFI to give the best result.
In the performance evaluations in this paper, the model error depends essentially on the few model parameters selected in order to keep complexity at a low level. The RFI signal's order is highest (most concentrated) at subcarriers close to the peak and lower on subcarriers away from it where the RFI spectral leakage occurs. It is those tones further away that need RFI suppression since they are used for data transmission. Hence, with a lower model order than the actual RFI signal the RFI spectral leakage can be suppressed effectively but not the RFI peak itself. However, the interference at the peak is of little interest since it has no effect on the DSL performance.
For the reasons explained, the best placement of the measurement tones is a tradeoff between low model error and high signal-to-noise ratio (RFI/noise). When the measurement tones are placed very close to the RFI peak the model error will degrade the estimates of the coefficients more, in (15) , but the SNR is very good. When the measurement tones are placed further away from the RFI peak the effects of model errors are reduced but the SNR is also lower. Note, however, that with a larger model order than selected here (and more measurement tones) the peak can also be effectively suppressed but in this case the measurement tones should instead be placed on and around the RFI peak [17] .
E. Bit-and Symbol-Error Rate Evaluation
In the previous evaluations, we examined specifically the SNRs or PSDs before and after RFI cancellation. In this section, we also exemplify the bit-rate and symbol-error rate performances with and without RFI cancellation and receiver windowing to further emphasize the necessity of cancellation in the presence of RFI. Note, however, that for the case with no RFI cancellation, our bit-rate evaluation assumes that the RFI is stationary on a given frequency location so that training, initialization and proper bitloading according to the present RFI can be achieved. On the contrary, HAM amateur radio has typically a quite nonstationary behavior. Radio amateurs frequently change their transmission frequency within the HAM bands. Additionally, the transmission activity (with Morse code, data, or voice using single duplex) has short, but frequent, silent periods. Hence, without RFI cancellation this would cause frequent error bursts (or require the use of extensive channel coding and interleaving) and the need of frequent re-initializations for updating the bitloading due to the varying noise environment. With RFI cancellation, however, the bitloading can remain constant without causing error bursts since the RFI can be effectively suppressed below the dominating background noise (the FEXT on most subcarriers) even when the frequency location of the RFI changes, thereby avoiding frequent re-initializations. Fig. 17 shows examples of the bit-rates for varying signal-tointerference ratios (SIRs). In this evaluation it is assumed that the bitloading is proper, that is, yielding less than symbolerror rate (SER) in each case. The RF signal bandwidth is 5 kHz and the RFI is located in the first HAM band. With RFI cancellation, the bit-rates are nearly identical to when no RFI is present and they are significantly improved compared to when no RFI cancellation is performed.
The practical bit rate can vary depending on a number of other factors like RFI frequency position, cable type and length, level of other background noise (crosstalk), length and type of nonrectangular window, number of subcarriers, etc. Nevertheless, this example illustrates the characteristic and relative performance with/without RFI cancellation and nonrectangular receiver windowing. Fig. 18 shows the corresponding SERs for the case when the bitloading is performed without any RFI present, that is, it matches the bit rate with no RFI which is 29.7 Mb/s as in Fig. 17 . These error rates are obtained by first computing the average SNR on each tone from simulated DMT frames, with and without RFI cancellation. Then, the SER values are found by using the analytic 3 formulae for M-QAM constellations and by assuming that the noise (residual RFI, FEXT and AWGN) is Gaussian distributed on each subcarrier. In this mismatched bitloading scenario, the effect of windowing is minor Fig. 18 . SERs when the bitloading is performed without any RFI present.
and symbol errors become common also for relatively high SIR if no cancellation is performed. These errors are most common on subcarriers close to the RFI center frequency, where windowing (independent of type) has almost no suppression effect as shown in previous PSD plots. With cancellation, however, an increased SER can be avoided.
VII. SUMMARY
We have derived a frequency-domain RFI cancellation method for DMT-based VDSL-systems. The only assumptions made about the RF signal are that it is narrow-band and that its center frequency is approximately known or estimated, which we also describe how to estimate.
By measuring the disturbance on a number of unused (silent) DMT tones in the HAM bands we are able to subtract estimates of the RFI from the modulated DMT tones. Some of the main characteristics of the resulting method are as follows.
• It works for practically any number of DMT tones, e.g., 256 and 2048. • It works both for systems with nonrectangular receiver window and for systems with rectangular window (no windowing).
• It is quite insensitive to errors in the estimate of the centerfrequency. For DMT system with many tones, e.g., 2048, it is sufficient to know between which tones the RFI is located, but for systems with fewer tones a simple frequency estimation routine is required.
• The performance is almost the same with and without windowing. Windowing, however, allows reducing the complexity of the RFI canceller as fewer tones need to be corrected by the RFI canceller. If 2048 tones is used, only about 200 of them need to be corrected.
• Using windowing gives a simpler RFI canceller since the contribution from negative frequencies can be neglected, and several RFI disturbances can be cancelled individually. • The method almost completely cancels the RFI from nearly all used DMT tones, leaving only a few tones affected by residual RFI. The average RFI suppression is 40-50 dB and the resulting average SNR-loss is reduced to less than 0.3 dB for RF bandwidths up to 5 kHz.
APPENDIX A WINDOWING THE DMT FRAME Windowing the received DMT frame can be performed to improve the RFI rejection, among other things. The reception of RFI from a narrow-band RF signal will extend out on all carriers due to the strong sidelobes from a rectangular window on the DMT frame. A nonrectangular window can reduce the reception of RFI on the DMT carriers due to suppression of the sidelobes. In order to maintain orthogonality between the tones, the receive window needs to be extended beyond the -sample boundary of the DMT symbol but still within the cyclic extension. We use a window with pulse-shaped wings that have a raised cosine form (one possible choice) of length as sketched in Fig. 19 . By moving the samples long tails of the window [7] and adding them to their respective reverse side of the DMT symbol, as shown in Fig. 19 , the original size FFT need not to be increased. Due to the periodicity of the DMT symbol and the symmetry of the window this procedure will act as a folding of the windowed DMT symbol. The folding results from decimating the long symbol in the frequency domain down to samples.
APPENDIX B PARAMETERIZATION OF RFI
We will derive the method using two different approaches: one frequency-domain and one time-domain. The frequency-domain derivation contains an ad-hoc Taylor expansion in the frequency domain, the time-domain method uses an ad-hoc signal model. However, we will find that they both result in same RFI canceller.
Proceeding with the model of the RF signal , we write it as (24) where is the narrow-band baseband equivalent of the RF signal, and the asterisk denotes complex conjugate. This choice of model is based on that the RF signal is narrow-band, typically in the order of a few kilohertz of bandwidth, and it can represent any type of analog modulation, amplitude modulation, double sideband modulation (DSB), single sideband modulation, etc.
A. Frequency-Domain Approach
We assume that the disturbance is narrow-band, centered around and with a bandwidth of Hz, i.e., when . Thus, the DFT coefficients in (7) are (25) where (26) is a transfer function from to the DFT coefficients . Let denote the Fourier transform of the baseband equivalent from (24). Substituting in (25) yields (27) Applying an idea from [19] (which also considers narrow-band signals), we separate the known parts from the unknown in (25) by Taylor expanding around (28)
Truncation of these series and insertion into (25) gives a linear approximation of 
which means that we in practice have unknown model parameters.
We can express (34) in a matrix notation as (35) where (36), shown at the bottom of the page, holds, and
When windowing is used the second sum in (34), which corresponds to the negative frequencies, gives almost no contribution to . This means that the sizes of the vector and matrix can be reduced to and , respectively.
B. Time-Domain Approach
Consider the above parameterization of the RFI. An equivalent time-domain approach is to make a Taylor series expansion of the baseband equivalent (24), , in the time domain. If the bandwidth of the RF signal is smaller than the inter-tone spacing of the DMT system, then the baseband function will not change much within the duration of one DMT frame. Thus, we can get a good representation of by a low order polynomial. We start with Taylor expanding around 
and using this in the expression for the DFT coefficients in the model derived from the frequency-domain approach (34), we get (46)
which is the same as we got with the time-domain approach (41).
